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Abstract. Assume that Ti,T2 are equivalent Schauder operators. In this paper, we show 
that even in this case their Schauder spectrum may be very different in the view of operator 
theory. In fact, we get that if a self-adjoint Schauder operator A has more than one points 
in its essential spectrum cTg (A) , then there exists a unitary spread operator U such that the 
Schauder spectrum as{UA) contains a ring which is depended by the essential spectrum; 
if there is only one point in ae{A) and satisfies some conditions then there exists a unitary 
spread operator U such that the Schauder spectrum as{UA) contains the circumference 
which is depended by the essential spectrum. 



1. Introduction 

In their paper J3] , Cao give an operator theory description of bases on a separable Hilbert 
space H. To study operators on H from a basis theory viewpoint, it is naturel to consider the 
behavior of operators related by equivalent bases. For examples, they show that there always 
be some strongly irreducible operators in the orbit of equivalent Schauder matrices(|l]). 
However, in the usual way a spectral method consideration of operators in the equivalent 
orbit is also important to the joint research both on operator theory and Schauder bases. 
Cao introduces the conception Schauder spectrum to do this work. The main purpose of this 
paper is to show that the Schauder spectrum of Schauder operators in a given orbit can be 
very different. 

Recall that a sequence of vectors {/n}^i in is said to be a Schauder basis [131 M 
Ti if every element / G "H has a unique series expansion / = Yli^nfn which converges in 
the norm of "H. If {/„} is Schauder basic for "H, the sequence space associated with {/„} 
is defined to be the linear space of all sequences {c„} for which f = Yl ^nfn is convergent. 
Two Schauder bases {/n}^i and {gn}'^=i are equivalent to each other if they have the 
same sequence space(cf, [13], definition 12.1, pl31, [5], pl63). Denote by u the countable 
infinite cardinal. In paper [2], Cao.e.t considered the a; x a; matrix whose column vectors 
comprise a Schauder basis and call them the Schauder matrix. An operator has a Schauder 
matrix representation under some ONB is called a Schauder operator. Given an orthonormal 
basis(ONB in short) ip = {en}'^=i, the vector in a Schauder basis sequence ip = {/n}5?Li 
corresponds an sequence {fmn}m=i defined uniquely by the series = Ylm=i fmn^m- The 
matrix = {fmn)uixLo is called the Schauder matrix of basis ip under the ONB yj. 

Assume that ipi,4'2 are equivalent Schauder bases and T^^.T^^ are the operators defined 
by Schauder matrices F^^ and respectively under the same ONB. Then there are no 
difference between ipi and ip2 from the view of bases of the Hilbert space. Are there some 
notable differences between the operators T^^ and from the view of operator theory? 
From the Arsove's theorem([l], or theorem 2.12 in [2]), there is some invertible operator 
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X G L{l-L) such that XT.^^ = T^^ holds. Hence for a Schauder basis ip = {fn}'^=i, the set 
defined as 

Ogii^) = {Xt,X egiin)} 
in which Xip = {Xfn}'^=i and gl{'H) consists of all invertible operators in L{l-i) contains 
exactly all equivalent bases to ip. Moreover, the set 

Ogi{F^) = {MxF^; Mx is the matrix of some operator X e gl{H)} 

consists of all Schauder matrix equivalent to F^. In the operator level, we define 

Ogi{T^) = {XT^-Xegl{U)}. 

Then the set Ogi(T^) consists of operators related to bases equivalent to ip. Similarly, we 
consider following sets: 

OuW = {Utlj;U eu{n)}, 
Ou{F^) = {MuF^; Mu is the matrix of some unitary operator U}, 
OuiT^) = {UT^;U eU{n)}, 

where UipH) consists of all unitary operators in LiTi). Roughly speaking, by these set we 
bind operators related to equivalent bases of the basis ip with the same basis const. It is 
easy to check that a Schauder operator must be injective and having a dense range. 
Denote by = UA^ the polar decomposition of T^, then the partial isometry U must be 
a unitary operator. Then the orbit OuiT^) is just the orbit in which is the 

self-adjoint operator defined by the polar decomposition of T^. In this paper we focus on 
unitary operators with a nice basis theory understanding, that is, a slight generalization of 
spread form defined by W. T. Gowers and B. Maurey(j6j, [7j). 

For a complex number A, A will be called in the Schauder spectrum of T denoted by 
(Ts{T) if and only if there is no ONB such that XI — T has a matrix representation as a 
Schauder matrix. It is obviously, cr(T) D crs{T) = (^piT) U o".r(T) in which o"r(T) = {A G 
C,Ran(A/-T) ^H}. 

Now we state our main theorem: 

Theorem 1.1. Assume that A is a self-adjoint Schauder operator. 

(i) If a{A) C [Ai, A2], Ai > and Ai, A2 G cre{A), then there exists a unitary spread operator 
U such that the Schauder spectrum as{UA) D R for any rings R in the ring i?^^ 

(ii) // Ai, A2 G cTeiA) and < Ai < A2, then there exists a unitary spread operator U such 
that the Schauder spectrum as{UA) D R for any rings R in the ring R1_^ y^^; 

(iii) If there exists only one point Ai G af.{A), {tk} and {r^.} contained in (j{A) and satisfy 
thattk < tk+i,rk > rk+i, 4 ^ Ai,r,. ^ Ai, and j:n=iUk=ii^? < E"=inLi(7^)' < 
00. Then there exists a unitary spread operator U such that the Schauder spectrum as{UA) D 
{A,|A| = Ai}. 

That is, if T is a Schauder operator, then there exist operator Ti G Ou(T) such that as{Ti) 
has a certain thickness. Related concept will be clear in later section. 

We organize our paper as follows. In section 2, we introduce some notations and lemmas 
which will be used in the main theorem; in section 3, we research the case that the spectrum 
of self-adjoint Schauder operator has only two points; In section 4 we research the case that 
the essential spectrum of self-adjoint Schauder operator has only two points; In section 5, we 
research the case that there is no point spectrum in the spectrum of self-adjoint Schauder 
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operator. At last, we get that if A is a self-adjoint Schauder operator with at least two 
essential spectrum, then exists UA G Ou{A) such that (Js{A) is thin and as{UA) has a 
certain thickness. 

Remark 1.2. In the seminar held at Jilin university, Cao shows that for a Schauder operator 
T there must be some unitary spread U such that the Schauder operator UT has an empty 
Schauder spectrum. In this sense, our result in this paper show that the Schauder spectrum 
of UT may be very bad. 

2. Notation and auxiliary results 

In this section we will introduce some notation for convenience, and some lemmas which 
will be used in the main theorem. 

Throughout this paper, let -Rai,A2 = {-^j -^i ^ l-^l ^ -^2}, R\i = {A, |A| = Ai}, = 
{A, |A| = A2} and R^^ = {A, Ai < |A| < A2} for < Ai < A2. If -E is a subset of complex 
plane C and ^ E, let = {A, ^ G E}, Cardji?} denote the cardinal number of E. 

Recall the definition of the spread from A to B given by W. T. Gowers and B. Maurey. 

Definition 2.1. ([7J, p549) Given an ONB {en}n=i and two infinite subsets A, B of N. Let 
Coo be the vector space of all sequences of finite support. Let the elements of A and B be 
written in increasing order respectively as {ai, a2,- ■ ■} and {&i, &2, ■ ' ' }• Then e„ maps to 

if n ^ A, and e^^ maps to e^,^ for every k & N. Denote this map by Sa,b and call it the 
spread from A to B. 

Using spread forms, we can write some unitary operator into their linear combination. See 
the Example 4.13 in [2]. 

Definition 2.2. ([2], Definition 4.14) A unitary operator U on is said to be a unitary 
spread if there is a sequence {SA„,Bn}'^=i of spreads such that the series Yl'^=i ^An,B„ con- 
verges to U in strongly operator topology (SOT). Moreover, U will be called a finite unitary 
spread if U can be written as a finite linear combination. 

In the paper |3], Cao.e.t proved that for each bijection cr on the set N, the unitary operator 
Ua is a unitary spread. 

Lemma 2.3. Assume that A is a self-adjoint operator satisfying that a'{A) C [Ai, A2], Ai > 0, 
and there exists x such that \ \Ax\\ = Ai||a;||. Then Aj G (7p{A), and x G Ker(Aj/ — A), 

1 = 1,2. 

Proof. Indeed we only need to prove the case of i = 1. The proof of the case of z = 2, is 
minor modifications of the proof of the analogous statements in the case of i = 1 by consider 
A~^ and will be omitted. 

Since cr(A) C [Ai,A2], we know that {Ax,x) > Ai||x|| for any x 0. Hence, ||(Ai/ — 
A)x\\^ = Xl\\x\\ + \ \Ax\\^ -2Xi{Ax,x) < 0, it follows that ||(Ai/- A)x|| = 0. That is to say 
X G Ker(Ai/ - A) and Ai G ap{A). □ 

Lemma 2.4. Assume that A is a self-adjoint operator satisfying that a (A) C [Ai, A2], Ai > 0. 
Then, for any unitary operator U, 

(i) a{UA)CR,^^,^; 

(ii) //Ai,A2 ^ ap{A), then ap{UA)nRx^ = 0;z/Ai,A2 G (Tp{A), then Caid{ap{UA)nRx^} < 
dim Ker(Ai/- A),i = 1,2. 
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Proof, (i) It is well known that if T is an invertible operator, then a{T ^) = {A, A ^ G cr(T)}, 
and r(T) < ||T|| for any T G B(n). Thus a{UA) = and \\UA\\ = \\A\\ = 

A2, ||(f/A)~i|| = \\A-^\\ = ^. It follows that A ^ a{UA) when |A| > A2 and A ^ a{{UA)-^) 
when |A| > Hence, ^(t/yl) C -Rai,A2! for aiiy unitary operator f/. 

(ii)Indeed we only need to prove the case of i = 1. The proof of the case of z = 2, is minor 
modifications of the proof of the analogous statements in the case of z = 1 by consider A^^ 
and will be omitted. 

Assume f/ is a unitary operator and A G ap{UA) H-Rai- Then there exists x ^ such that 
UAx = Xx and \ \Ax\ \ = \ \UAx\ \ = \i\\x\\. By LemmaESl Ai G ap{A) and x G Ker(Ai/-A). 
Hence, A and U have the matrix forms 



A 



Ai/ 



Ai 



Ker(A/ - UA) 
Ker(A/ - UA)^ 



U 



U21 



f/12 
U22 



Ker(A/ - UA) 
Ker(A/ - UA)^ 



and Ker(A/ - UA) C Ker(Ai/ - A). 

For any x G Ker(A/ — UA), UAx = Xx. Since f/ is a unitary operator, it is easy to check 
that U12 = U21 = 0. Hence, UA has the matrix form 



UA 



XiU 
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Ker(AJ 
Ker(A/ - 



-UA) 
UA)^ 



U22A1 

in which Un and U22 are unitary operators and 

ap{UA) = ap{XiUu) U apiU22A^), 

Card{(Tp(Ait/ii)} < dim Ker(A/ - UA) < dim Ker(Ai/ - A). 

If there exists another 6 G crp(f/22^i) H -Rai, repeating the above process, we can get that 
Ker(5/ - U22A1) C Ker(Ai/ - A) and Ker(5/ - f/22Ai)±Ker(A/ - UA). 

Repeating the above process, we can obtain that Card{crp(t/A)ni?Ai} < dim Ker(Ai/— A). 

□ 

Remark 2.5. By the above lemma, we know that if the spectrum (^(A) of a self-adjoint 
Schauder operator is contained in an interval, then the Schauder spectrum as{UA) must be 
contained in the ring which is depended by the interval. 



3. Only two points in cr{A) 

In this section, we will research the case that the spectrum of self-adjoint Schauder operator 
A has only two points Ai, A2 and < Ai < A2. 

According to Lemma 12. 4^ we know that for any unitary operator U, there exists at most 
denumerable subsets ai in Rx^ and a2 in Rx^ such that ap{UA) C cji U (T2 U i?^^ X2- ^^^^ 
section, we will show that if ker(Aj — A) = 00, i = 1,2, then for any at most denumerable 
subsets 0"! in Rx^ , ^2 in Rx^ and a ring R in R^^ , there exists a unity operator U such 
that ap{UA) C o"i U (T2 U i?. Hence, there exists UA G Ou{A) such that csiA) is thin and 
as{UA) has a certain thickness. 

Lemma 3.1. Assume that A is a self-adjoint operator satisfying that cr(A) = {Ai,A2}, 
< Ai < A2 and dim ker{Xi — A) = 00. Then, there exists a unitary spread operator U such 
thatapiUA) = Rl^,^^. 
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Proof. By the classical spectral theory of normal operator, we have following orthogonal 
decomposition of A, 

A = (BnezAn, 

in which Aq = X2I, A_i = AiJ, A„ = AiJ for all > 1 and An = X2I for all n < —2. 

Now we choose an ONB {e^^^}'^i, for each n G Z. And let U be the unitary spread 
operator defined as 

For a vector x G "H now under the ONB constructed it has a /2-sequence coordinate in the 
form 

neZ n£Z k=l 

Now simply we have 

UAx = = = ^A„_ix("-i). 

Now suppose for some A 7^ we do have some vector x such that (A/ — = 0, then 

we have 

Therefore, following equations hold: 

= A-M„_iA„_2 ■ ■ ■ Aox(°) , n > 1, 

That is to say x^") = A-"A^"U2a;(°\ n > 1 and x^") = A^^A^^A^+^x^"), n < -1. 

Since < Ai < A2 it is easy to see that if Ai < |A| < A2 then Ha;*-"^!!^ < 00; if 

Ai < |A| then Hx*^"^!! > 1 for n > 1, if |A| > A2 then ||x(~"^|| > 1 for n > 1, i.e. if Ai < |A| or 
|A| > A2 then = ^- Hence, ap{UA) = {A, Ai < |A| < A2}. 

□ 

Proposition 3.2. Assume that A is a self-adjoint operator satisfying that ^(A) = {Ai, A2}, 
< Ai < A2 and dim ker{Xi — A) = 00. Then there exists a unitary spread operator U such 
that apiJJA) = R for any rings R in the ring R°^^ 

1 1 
Proof. Firstly, we prove that if i? = {A, (A^'Aa^) "i+"2 < |A| < (Af ^A^^) "i+^a } is a ring in 

-^Ai A2 some integers ni, 77-2, wii, m2, then there exists a unitary spread operator U such 

that apiUA) = R. 

We assign the same notations used in the proof of Lemma 13. 1[ 

x(")=A-M„_iA„_2---Aox(°),n>l, 
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^(n) ^ ^-„^-i^-|^ . . . A-_\x^^\n < -1. 

Let 

Ao = Ai = ■■■An, = All, 

^m+l = = ■ ■ ■ An^j^n2 = ^2/, 

^fcini+fc2n2+A;3 Ai/, 

for any fci, A;2 and 1 <kz < ni, 

^feini+fe2n2+fe3 ~ ^2^, 

for any ki, k2 and rii + 1 < ks < {rii + 712). 
And let 

A_i = ■ ■ ■ A_m2 = A2/, 
r7i2 — 1 r7i2— 2 ■ ■ ■ ■^—m2—mi ^i/, 

feim2— fe2"^i— ^3 1 

for any /ci, A;2 and 1 < fca < mi, 

fcim2— fc2mi— fe3 Ai/, 

for any /ci, A;2 and m2 + 1 < A;3 < (mi + m2). 
Then we have 

^(fc(ni+n2)) _ ^-fe(ni+n2)^feni^fcn2^(0) > ]^ 

and 

^-(A;(mi+m2)) _ y^-k{mi+m2) y^-kmi ■^-km2 ^{0) ^ \ 

It is easy to see that if (A^^A^^)^^ < |A| < (A^^A^^)^^^ then E„ez < oo; if 

(A"iA2')^^ > |A| there exists N such that ||a;(")|| > 1 forn > A^, if |A| > (A^^A^^)^^^!^ 
there exists such that > 1 for n > N, i.e. if Ai < |A| or |A| > A2 then 

Enez = ^- Hence, ap{UA) = R. 

Now we turn to the more general situation. 

Since lim„,^oo(Ai'A2')^^^+^ = Ai, lim„2^oo(Ai'A2^)^^I+^ = A2. We can get that there 
exists a unitary spread operator U such that ap{UA) — R for any rings it! in the ring i?^^ 

' □ 

Lemma 3.3. Assume that A is a self-adjoint operator satisfying that cr{A) = {Ai,A2}, 
Ai < A2 and dim ker{Xi — A) = 00. Then, there exists a unitary spread operator U such 
that ap(UA) = cxi U cr2 for any at most denumerahle subsets a\ in {A, |A| = Ai} and 02 in 
{A,|A| = A2}. 

Proof. Since A is a self-adjoint operator, by the classical spectral theory of normal operator, 
we have following orthogonal decomposition of A 

"Ai/ 

A2/ ■ 

Let U = Ui®U2, in which Ui, U2 are unity operators such that (7p(AiC/i) = ai, (Tp{\2U2) = (T2. 
Then C/ is a unity operator and ap{UA) = ui U (72. □ 
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According to the Lemmas \2A\ \3.1\ 13.31 and the Proposition 13. 2[ we can get the following 
theorem: 

Theorem 3.4. Assume that A is a self-adjoint operator satisfying that o'{A) = {Ai,A2}, 
< Ai < A2 and dim ker{\i — A) = 00. Then, there exists a unitary spread operator U 
such that ap{UA) = cxi U (T2 U i? for any at most denumerahle subsets ai in {A, |A| = Ai}, 
(J2 in {A, |A| = A2} and R is a ring in the ring y^^. Moreover, for any unitary operator 
U , there exists at most denumerahle subsets ai in Rx^ and in R\^ such that ap{UA) C 

Proof. Since A is a self-adjoint operator, by the classical spectral theory of normal operator, 
we have following orthogonal decomposition oi A = Ai(BAi where Ai is a self-adjoint operator 
satisfying that cr{Ai) = {Ai, A2} and dim ker(Ai — A) = oc. By Lemmas 13. ![ 13.31 and the 
Proposition [3]2l we get that there exists a unitary operator U such that crp{UA) = ai U(T2 Ui? 
for any at most denumerahle subsets (Xi in {A, |A| = Ai}, (T2 in {A, |A| = A2} and i? is a ring 
in the ring i?^^ . The last part of this theorem is obvious by the Lemma 12.41 □ 

Remark 3.5. By the above theorem, we know that if the spectrum ct{A) of a self-adjoint 
Schauder operator has only two points Ai,A2 and ker(Aj — A) = 00, i = 1,2, then for any 
ring R in i?^^ and at most denumerahle subsets ai in {A, |A| = Ai}, (T2 in {A, |A| = A2}, 
there exists UA G Ou{A) such that as{UA) contains ai U (T2 U R. i.e. as{UA) has a certain 
thickness, asiA) is thin. In other words, there is no ONB such that XI — UA has a matrix 
representation as a Schauder matrix for A G (Ti U cr2 U -R. 

4. Only two points in ae{A) 

In this section, we will research the case that the essential spectrum of self-adjoint operator 
A has only two points Ai, A2 and < Ai < A2. We will show that for any rings R in the 
ring -Rai A2 ~ l-^' 1-^1 1 < l-^l < -^2)5 there exists a unitary spread operator U such that 
-RaiA2 ^ cTpiUA) 3 R. i.e. there exists UA ^ Ou{A) such that crs{A) is thin and as{UA) 
has a certain thickness. 

Theorem 4.1. Assume that A is a self-adjoint operator satisfying the following properties: 

(i) cr(A) = CplA) U {Ai, A2}, < Ai < A2 and Ai, A2 are the unique accumulation points of 
a{A); 

(ii) For each t G ap{A), dim ker(y4 — tl) = 1. 

Then there exists a unitary spread operator U such that Rx-^^x^ ^ ap{UA) D R for any 
rings R in the ring R°^^ = {A, |Ai| < |A| < A2}. 

Moreover, if tk > tk+i,rk < rk+i for all k, then there exists a unitary spread operator U 
such that ap{UA) = R for any rings R in the ring i?^^ = {A, |Ai| < |A| < A2}; for any 
unitary operator U, crp{UA) C Rxi,X2 = {-^5 l-^i| ^ l-^l ^ -^2} o,nd Card{(Tp(f/A) H Rx^} < 
l,CaTd{ap{UA)nRx,} <l. 

Proof. We only prove the case that R = RxiX2y the proof of the more general situation is 
similar to the Proposition 13.21 and we omit it. 

The self-adjoint operator satisfying the conditions appearing in the proposition has a 
spectrum in the following form: 

a{A) = {tl, t2, ■ ■ ■ , tfc, ■ ■ ■ } U {ri, r2, • • • , r^, • ■ ■ } U {Ai, A2}, 
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in which Ai is the accumulation point of the sequence {tk}, X2 is the accumulation point of 

the sequence {r^}. 

Choose the subsequences {tnkjkLn n > of {tk} and {rnk}kLi, n > 1 of {vk} satisfying 
the following properties: 

(i) limk^ootnk — limn->oo ^nfc = Ai, limfe_^oor„fe = lim„_^oor„fc = A2; 

(ii) There exist tnk and Vnk such that tnk = tko, Tnk = for any e {ife},?^fei e {fk}] 

(iii) tn^kx 7^ tn2k2,rniki rn2k2 when Ui ^ or ki 7^ /ca- 

Let Jn = {tnk}:'n > 0, Jn = {r_„fc},n < —1. We rearrange these intervals as follows: 
Iq = Jo, /„ = Jn+i for n>l, I-i = Ji, In = Jn+i for n < -2. 

Denote = the spectral projection on the interval J„ and by if„ =Ran(£'„) for 

n G Z. Now we choose an ONB {e["''}^^, for each n e Z. Since each Hn is a reducing 
subspace of A, we can write A into the direct sum: 

Let supfc{t„fc} = a'n\inik{tnk} = "n^ for n > 0, supfc{r„fc} = f3n\infk{rnk} = /^n^ for 

n > 1. Then lim^^oo ttn^ = lim„^oo ai? = Ai, hm„^oo f^iP = lim„_^oo /^i^^ = A2. 
Now let U be the unitary spread operator defined as 

For a vector x e H now under the ONB constructed it has a Z2-sequence coordinate in the 
form 

neZ n£Z k=l 

Now simply we have 

UAx = UAC^x^""^) = J2 UAx^""^ = 

Now suppose for some A 7^ we do have some vector x such that (A/ — UA)x = 0, then 
we have 

Xx^""^ ^ An-ix^^'-^l 
Therefore, following equations hold: 

^(n) ^ x-^An-iAn-2 ■ ■ ■ Aoa;(°), n > 1, 
= A-M;^Vi • • • < -L 

Hence, 

A-/3f • • -ai^) < < A^tf ^a^a^ • • > 1; 

A " A~" 

- """"" - •■■/sS-.'"- 

Since hm„^oo ^ = lim„^ooan^ = Ai, hm„^oo /^i^^ = lim„^oo/9n^^ = A2, it is easy to see 
that if Ai < |A| < A2 then Ik^^^lP < < I'^l there exists N such that \ \x'''^^\\ > 1 
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for > A^, if |A| > A2 there exists such that "^H > 1 for n > N, i.e. if Ai < |A| or 
|A| > A2 then E„6Z = ^- That is to say {A, Ai < |A| < A2} ^ (JpiUA) D {A, Ai < 

|A|<A2}. 

Moreover, if tk > tfc+i,rfc < r^+i for all k then tk > Ai,rfc < A2. So ai*^ > Ai,/3n^ < A2 
for all n and i = 1,2. It is easy to see that ap{UA) = {A, |Ai| < |A| < A2}. Furthermore, 
by Lemma [2.41 we get that for any unitary operator U, crp{UA) C {A, |Ai| < |A| < A2} and 
Card{(Tp(t/A) n /^aJ < 1, Card{ap(f/A) nRx,}<l. □ 

Remark 4.2. (i) Trivial modifications adapt the proof of Theorem 14.11 we can weaken the 
condition dim ker(y4 — tl) = 1 to dim ker(74 — tl) < 00. 

(ii) In the Theorem 14.11 we obtained that there exists a unitary operator U such that 
ap{UA) 5 R for any rings R in the ring Rx^x^. Moreover, we got ap{UA) = RxiX2 if adding 
the condition that > tk+i^r^ < t^+i for all k. The following examples illustrate that this 
condition is necessary. 

Example 4.3. We assign the same notations used in the Theorem 14.11 

k-\-n fc + Ti-— 1 

(1) Let Ai = l,A2>l, and t„i = 1 - i, = + ^±ii±i_^ . n for n > 1, A; > 2 and 
Tfc < Tfc+i for all A; > 1. Then according to the proof of Theorem 14.11 and let An = ®'k=i^nki 
x^^^ = e^Q^ in Theorem 14. 1[ we obtain that ap{UA) = {A, |Ai| < |A| < A2}. 

fc + n+l k + n + 2 

(2) Let A2 = 1, Ai < 1, and r„i = 1 + i, r„fc = - '-^l^nT^' ■ n forn > 1, > 2 and 
tk > tk+i for all A; > 1. Then according to the proof of Theorem 14.11 and let An = (BkLitnk, 

= 65°^ in Theorem 14. H we obtain that ap{UA) = {A, |Ai| < |A| < A2}. 

fc+n k-\-n — l 

(3) Let Ai = 1, A2 = 2, and t„i = 1 - ^ r„i = 2 + f , t„k = + '-"T+n-T" " 

Tnk = (2 + k+n-1 ^ ~ ^'^^ '''^"k+n-i'^ ' ^ Tl > 1, k > 2. Then according to the proof of 
Theorem 14.11 and let An = ®'kLitnk^ x'^'^^ = e^^^ in Theorem 14. 1^ we obtain that ap{UA) = 
{A, |Ai| < |A| < As}. 

Trivial modifications adapt the proof of the Theorem 14. 1^ we can get the following Propo- 
sition. 

Corollary 4.4. Assume that A is a self-adjoint operator satisfying the following properties: 

(i) cr(A) = o'p{A) U {Ai}, < Ai and Ai is the unique accumulation point of a{A); 

(ii) For each t G o'p{A), dim ker(y4 — tl) < oo; 

(iii) ap{A) = {ti, ^2, ■ ■ ■ , t^, ■ ■ ■ } U {ri, r2, ■ ■ ■ , r/,, ■ ■ ■ }, 4 < tk+i,rk > r^+i, and 

Then, there exists a unitary spread operator U such that ap{UA) = {A, |A| = Ai}. 
Example 4.5. Let A is a self-adjoint operator satisfying that (j{A) = crp{A) U {1}, crp{A) = 

k + n fc + n — 1 

{tnk,rnk}T,n=v ^hich t„i = 1 - i, t^k = + "^"t+n-T" " n, r„i = 1 + i, r„,, = 

fc + n+l k + n + 2 

fc±^ - "^l^^n-T^' ■ n for n > 1, A; > 2, for each t G ap{A), dim ker(A - tl) = 1. By 
Corollary 14.41 and (1), (2) of Example 14.31 we can get that there exists a unitary spread 
operator U such that crp{UA) = {A, |A| = 1}. 



Remark 4.6. By the Theorem 14.11 we know that if the essential spectrum of self-adjoint 
operator A has only two points Ai,A2 and < Ai < A2 and for each t G ap{A), dim 
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ker(y4 — tl) < oo, then for any ring R in i?^^ there exists UA G such that (Ts{UA) 

contains R. i.e. as{UA) has a certain thickness, as (A) is thin. In other words, there is no 
ONB such that XI — UA has a matrix representation as a Schauder matrix for X E R. 

5. No POINTS SPECTRUM IN a{A) 

In this section, we will research the case that there is no point spectrum in cr{A). i.e. 
a(^) = [Ai,A2],0<Ai. 

According to Lemma 12.41 we know that for any unitary operator U, there exists at most 
denumerable subsets Ui in Rx^ and a2 in Rx^ such that ap{UA) C ai U (72 U i?^^ X2- ^^^^ 
section, we will show that if ker(Aj — A) = oo,i = 1,2, then for any at most denumerable 
subsets (Ji in _Rai, cr2 in and a ring R in i?^^ there exists a unity operator U such that 
ap{UA) C cTi U (72 U i?. i.e. there exists UA e Ou{A) such that (Ts{A) is thin and ^^(f/A) 
has a certain thickness. 

Theorem 5.1. Assume that A is a self-adjoint operator satisfying that (y{A) = [Ai,A2], 
Ai > andap{A) = 0. Then, there exists a unitary spread operator U such that ap{UA) = R 
for any rings R in the ring R^^ = {A, |Ai| < |A| < A2}. 

Proof. There is a sequence a„ — > X2 such that > a„ for each n > 1. Moreover, the 
range of spectral projection E[ar,,a„+i] is an infinite subspace; and a sequence /3„ — > Ai such 
that Pn > Pn+i for each n > 1. Moreover, the range of spectral projection E^^^^-^^i^^] is an 
infinite subspace. 

Now we rearrange these intervals as follows. 

Jn = [an,an+i),n > 0, 
Jn = [/3-„+i,/3-„),n < -1. 
Let Jo = Jo, In = J-n+i for n > 1, /_i = J_i, = J-n for n < -1. 

Denote En = Ej^ the spectral projection on the interval /„ and by iJ„ =Ran(£'„) for 
n G Z. Now we choose an ONB {e^"''}^^, for each G Z. Since each Hn is a reducing 
subspace of A, we can write A into the direct sum: 

And aolkll < ||^oa;|| < ai for x G Hq, f3o\x\\ < \\A^ix\\ < f3-i\\x\ \ for x G H^i, < 
||^na;|| < /3-n-i for X G Hn, n>l, Q;n||a;|| < ll^o^^H < c^n+i for x G iJ„ n < —1. 
Now let U be the unitary spread operator defined as 

UeP =e^^^'\neZ,keN. 

For a vector x eT-L now under the ONB constructed it has a /2-sequence coordinate in the 
form 



00 



neZ nGZ fc=l 



Now simply we have 



UAx = UA{J2 a;^"^) = Yl ^^^^"^ = Yl 



neZ nGZ 
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Now suppose for some A 7^ we do have some vector x such that (A/ — UA)x = 0, then 
we have 

Aa;(") = An-ix^'^-^l 
Therefore, following equations hold: 

x^'^) = A-M„_iA„_2---Aox(°),n> 1, 

x^ ^ = A A.^^-^ ■ * • \ ^ ^ 1* 

Since ao|kll < ll^oa;|| < ai for x G Hq, f3o\x\\ < \\A^ix\\ < for x G H^i, 

/3-n\\x\\ < ll^na^ll < for X G Hn, u > 1, Q;„||x|| < ||Aoa;|| < dn+i for X G Hn n < —1 

and I3n — > Ai,a;„ — > A2, it is easy to see that if Ai < |A| < A2 then J2n& Ik*-"^]]^ < 00; 
if Ai < |A| there exists such that > 1 for n > A^, if |A| > A2 there exists N such 

that > 1 for n > A^, i.e. if Ai < |A| or |A| > A2 then Xlnez 1 1^^"^ I P = Hence, 

ap{UA) = {A,|Ai| < |A| < A2}. 

The proof of the more general situation is similar to the Proposition 13. 2[ □ 

Remark 5.2. By the Theorem 15.11 we know that if A is a self-adjoint operator satisfying 
that cr{A) = [Ai,A2], Ai > and CpiA) = 0, then for any ring R in -Rai,A2' there exists 
UA E Ou{A) such that (Ts{UA) contains R. i.e. as{UA) has a certain thickness, <7s{A) is 
thin. In other words, there is no ONB such that XI — UA has a matrix representation as a 
Schauder matrix for A G -R. 

Trivial modifications adapt the proof of the Theorems of 13.41 HTT] and [5?T| we can get the 
following proposition: 

Proposition 5.3. Assume that A is a self-adjoint operator. 

(i) Ifcr^A) C [Ai, A2], Ai > and Ai, A2 G <Je{A), then there exists a unitary spread operator 
U such that ap{UA) = R for any rings R in the ring i?^^ 

(ii) // Ai,A2 G cTeiA) and < Ai < A2, then there exists a unitary spread operator U 
such that ap{UA) ^ R for any rings R in the ring R^^ Moreover, if there exist sequence 
{tk\ and {rfc} contained in (j{A) and satisfy that tk > tfc+i,rfc < r^+i for all k, then there 
exists a unitary spread operator U such that ijp{UA) = R for any rings R in the ring 
i?AiA2 = < \M < -^2}; for any unitary operator U , ap{UA) C {A, |Ai| < |A| < A2} 
and Card{ap(f/A) fl i?A J < dim Ker(Ai/ - A),i = 1, 2; 

(iii) If there exists only one point Ai G o-e{A), {tk} and {r^} contained in (t{A) and satisfy 
that tk < tk+i,rk > Tk+i, tk ^ Ai,rfc ^ A2, and ^^=1 nLi(|)' < ^o, E"=i IILiIt^)' < 
00. Then there exists a unitary spread operator U such that ap{UA) = {A, |A| = Ai}. 

As we know, a{T) D as{T) = ap{T) U {A G C, Ran(A/ - T) ^ U} for every T G B{l-L). 
Hence, by the Proposition 15. 3[ we obtain the main theorem: 

Theorem 5.4. Assume that A is a self-adjoint Schauder operator. 

(i) If a {A) C [Ai, A2], Ai > and Ai, A2 G (Te{,A), then there exists a unitary spread operator 
U such that the Schauder spectrum as{UA) 3 R for any rings R in the ring R°^^ 

(ii) // Ai, A2 G <Jf,{A) and < Ai < A2, then there exists a unitary spread operator U such 
that the Schauder spectrum as{UA) 3 R for any rings R in the ring R^^ 
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(iii) If there exists only one point Ai G (J(.{A), {tk} and {vk} contained in a{A) and satisfy 
thattk < tk+i,rk > ru+i, 4 ^ Ai,r, ^ Ai, and T.n=iY\l=i{j:)^ < Y.n=iI{l=iiT^f < 

00. Then there exists a unitary spread operator U such that the Schauder spectrum as{UA) ^ 
{A,|A| = Ai}. 

According to the Proposition 15.31 and Theorem 15.41 we know that if a self-adjoint operator 
A has more than one points in its essential spectrum, then there exists a unitary spread 
operator U such that ap{UA) contains a ring which is depended by the essential spectrum, 

1. e. there exists UA G Ou{A) such that (Js{A) is thin and as{UA) has a certain thickness; 
if there is only one point in the essential spectrum and satisfies some conditions, then there 
exists a unitary spread operator U such that ap{UA) contains the circumference which is 
depended by the essential spectrum, i.e. there exists UA G Ou{A) such that as (A) is at 
most denumerable and as{UA) is uncountable. Furthermore, by Lemma [231 we know that if 
cre{A) has only one point Ai and {t^} (or {r^}) contained in <j{A) and satisfy that tk < t/t+i 
(or Tfc > r^+i), tk — )■ Ai(or — )• Ai), then for any unity operator U, ap{UA) ^ Rx^. 
However, we don't know if there exist \tk\ and {rfc} contained in a (A) and satisfy that 
tk < tk+i,rk > Tk+i, tk — )■ Ai,rfc — A2, does there exist a unitary operator U such that 
ap{UA) = {A, |A| = Ai}. It is easy to know that if A = XI, then the point spectrum of UA is 
at most denumerable for any unitary operator. We call a normal operator A is non-trivial, 
a A XI for any A G C. Hence, we have the following question: 

Question 5.5. Assume that A is a non-trivial invertible self-adjoint operator, and there 
exists only one point Ai G cre(A), {tk} and {r^} contained in a{A) and satisfy that tk < 
tk+i,rk > Tfc+i, tk — )■ Ai,rfc — > A2. Whether there must be a unity operator U such that 
ap{UA) = {X,\X\ = X,}7 
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